Effective representations
of the general bounded linear functional on a Banach space B play a prominent role in functional analysis for reasons among which is a quest for efficient determinative conditions for weak convergence of a sequence of elements of B. In spaces with a variation type norm, for example (& v) , the space of functions/ of bounded variation on the interval [0, l] with/(0) =0, and HiS), the space of bounded and finitely additive set functions on an algebra 5 of subsets of a set X, such representations are often lacking. Nevertheless, both Q) v) and HiS) can be mapped isomorphically and semiisometrically by well known mappings onto subspaces of appropriate (ilf)-spaces. These embeddings yield necessary and sufficient conditions for weak convergence to zero [l, Theoreme 5 [4, Theorem 16] showed that the following Pi-type conditions of Lebesgue are necessary and sufficient in order that a sequence {pk} of elements of HiS) converge weakly.
(1) The sequence \pkiE)\ converges for each E in 5. T. H. Hildebrandt [2] then showed the following, perhaps, even easier to apply condition (B) lim ( 23 Uk(Ei)) = 0 for each sequence {p<} of pairwise disjoint elements of 5, to be equivalent to condition (A). Related matters are discussed extensively in [5] - [7] Our purpose is to give a relatively short direct proof of the following Theorem. Condition (A) implies condition (2).
Since a sequence of elements of (b v) can be mapped into H(S) for a suitable choice of 5, this direct proof leads to the corresponding result for (b v) in a manner which avoids becoming embroiled in the topology of [0, l]. Moreover, since condition (B) follows easily from Banach's condition [l], we obtain the following result of P. Porcelli.
Corollary.
The sequence {uk} converges weakly to zero if, and only if, condition (A) is satisfied.
Turning now to a proof of the theorem, we first state the following elementary consequences of condition (A). Let us say that (k, E) is a pair for (3, e), 5>0, «>0, if <p(E) <8 and |pjt(P)| ^e. Let 5(k, e) be a positive number such that <t>(E) <d(k, e) implies that | jLtj(Pi) | <e,j=l, 2, ■ ■ ■ , k.
Suppose condition (2) is not satisfied. Then there is a positive number e such that for each positive number 5 there is a pair (k, E) for (5, 2e).
Let (fei, Pi) be a pair for, say, (1, 2e). Let (k2, E2) be a pair for (8(ki, e-2~2), 2e) and, proceeding inductively, let (k,+i, Ei+i) be a pair for (S(kit €-2_<i+1)), 2e). At this point, let's relabel the sequence {ju*,} as {pa} and record what we have obtained thus far: 
